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The number of Cooper pairs on a small superconducting island coupled to superconducting leads
by a Josephson junction Buctuates due to tunneling of Cooper pairs through the junction. On the
other hand, the impedance of the circuit surrounding the island tends to suppress these Suctuations
and to restore charge quantization. We consider the in8uence of the electromagnetic environment
within a two-state approximation for the charge on the island. The average charge and the slope of
the steps of the Coulomb staircase are calculated for a realistic environmental impedance and finite
temperatures in the range of current experimental studies. It is shown that even a low-frequency
environment may lead to a considerable reduction of charge Suctuations provided the integrated
total impedance is large enough.
I. INTRODUCTION
Recently, clear Coulomb staircase patterns have been
observed for metallic islands in the normal state charged
one by one with electrons as well as for superconduct-
ing metallic islands charged by Cooper pairs. 2 Aside from
the electrostatic energy responsible for Coulomb block-
ade phenomena, 3 a more detailed theory has to include
effects due to quantum luctuations of the electric charge
and the electromagnetic environment. 4 In view of pos-
sible applications of single charge phenomena for high
precision devices, these effects are of considerable im-
portance, even if they are not dominant. The simplest
system to study the inluence of charge Huctuations on
the Coulomb staircase is the so-called box where an is-
land is formed by a tunnel junction and a capacitor. If
the charging energy of the island is the dominant energy
in the system, quantization of the island charge can be
expected. However, thermal Huctuations and the cou-
pling of the island to the external leads due to the tunnel
junction tend to suppress charge quantization. Here, we
focus on the in8uence of the electromagnetic environment
on the behavior of a superconducting box circuit.
In Sec. II we introduce the Hamiltonian describing a
superconducting island coupled via a Josephson junc-
tion to its electromagnetic environment. For a study
of charge Buctuations at low temperatures, it is often
sufficient to restrict oneself to two charge states and per-
form a mapping to a spin-boson problem as shown in
Sec. III. Information about the average island charge is
contained in the partition function which is calculated in
Sec. IV for an environment with a low-&equency part of
arbitrary strength and a small high-frequency contribu-
tion. This corresponds to the form of the environmental
impedance in realistic set-ups. In Secs. V and VI we sep-
arately consider the in6uence of the low-&equency and
high-frequency parts of the impedance on charge quanti-
zation. Finally, in Sec. VII we present our conclusions.
II. DESCRIPTION OF THE ENVIRONMENT
We consider the superconducting circuit shown in
Fig. 1 where an island is formed by a gate capacitor and a
Josephson junction opening the possibility to charge the
island by tunneling. The Josephson junction is charac-
FIG. 1. Superconducting island formed by a small Joseph-
son junction with Josephson coupling energy Ez and capac-
itance C~ and a capacitor with capacitance Cq. The island
is coupled to a voltage source via an impedance Z(w). The
number of excess Cooper pairs on the island is denoted by n.
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terized by the Josephson coupling energy Eg and the ca-
pacitance Cq while the gate capacitor has a capacitance
C2. In the parameter region studied here (see below)
quasiparticles may be neglected and the island charge
may then be expressed in terms of the number of excess
Cooper pairs n on the island as
Eg
q'simba = —2iie = Qi —Q2,
where Qi and Q2 are the charges on the Josephson junc-
tion and on the gate capacitor, respectively.
The island charge may be controlled by means of an
externally applied voltage V. It is convenient to intro-
duce the voltage source as a capacitor of infinite capac-
itance C„carrying the charge C„V. Combining this ca-
pacitor with the gate capacitor one gets a capacitor of
capacitance C2 carrying the charge Q2 —C2V. The in-
Huence of the voltage source on the island charge may
then be expressed in terms of an external charge 2en
with n = C2V/2e so that we get for the effective island
charge in the presence of an external voltage source
q = —2e(n —n ).
Introducing the island capacitance C~ —Cq + C2, the
Hamiltonian describing the charging energy of the island
may be written as
H, =E,(n —n )',
where E, = 2e2/C~ is the charging energy of a single
Cooper pair. For vanishing Josephson coupling and van-
ishing temperature and in the absence of an external
impedance, minimization of the charging energy follow-
ing from (3) leads to a Coulomb staircaser for the number
of Cooper pairs on the island as a function of the exter-
nal charge with steps at n = kl/2, +3/2, . . . . Both
finite Josephson coupling and finite temperatures cause
charge Huctuations and a corresponding washout of the
steps. To avoid thermal smearing we assume that the
charging energy is much larger than the thermal energy,
i.e., E, )) kgT.
The expression (3) for the charging energy and there-
fore also the positions of the steps of the Coulomb stair-
case are only correct in the absence of quasiparticles. If
the gap energy 6, which is the minimal energy associ-
ated with the formation of a quasiparticle, is sufficiently
sinall, i.e. , b, ( E,/4, the system may decrease its energy
in certain voltage ranges by having a single quasiparticle
on the island. In this paper we restrict ourselves to the
case where 4 )) E so that quasiparticles may safely be
neglected.
In the following we will account for an external
impedance Z(&u) of the circuit as indicated in Fig. 1. Be-
fore writing down a Hamiltonian for this electromagnetic
environment it is convenient to employ a circuit trans-
formation to simplify the circuit. It can be shown4 that
seen &om the Josephson junction the circuit presented
in Fig. 2 is equivalent to the circuit in Fig. 1. The ca-
pacitor with capacitance Cg corresponds to the island as
discussed above. The total impedance
FIG. 2. Circuit of Fig. 1 as seen from the Josephson junc-
tion. Cz = Ci + C2 is the island capacitance and Z~(u) is the
total impedance as defined in (4).
1
Zi(ur) = ~'.i(uC+ Z((u) (4)
corresponds, apart from a factor e & 1 with
C2
C1+ C2'
to the impedance of the total capacitance C
CiC2/(Ci + C2) in parallel with the external impedance
Z(u). The total impedance may now be modeled by
a Caideira-Leggett Hamiltonian describing a set of har-
monic oscillators
Q2 1 t' 5
2C 2I 2e ) (6)
where the charges Qi and phases &ps are conjugate op-
erators with [Q~, ps] = —2ieb~s. In terms of an elec-
tric circuit model the environmental Hamiltonian (6)
describes a collection of LC circuits with &equencies
= (I C ) ~ in series, and
U = (h/2e)j
is the voltage across the mth LC circuit. The correspond-




The Hamiltonian (6) can represent any given total
impedance if the set of parameters C and L is chosen
appropriately.
The tunneling of Cooper pairs to and from the island
is described by the Josephson term Eicos(y) where—y
is the phase difference across the junction. By means of
the Josephson relation
2e
(p = —U, (9)
the time derivative of the phase y is connected with the
voltage U across the junction. In addition, we introduce
the phase Q which is conjugate to the number of Cooper
pairs on the island, i.e., [g, n] = —i. Therefore,
ne '" = e '~(n+ 1), (1O)
so that the operator e '+ describes the tunneling of a
Cooper pair onto the island. @ is chosen in such a way
that it fulfills (9) with U replaced by —2e(n —n )/C~.
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H =H, +H.„+H~. (i3)
As already mentioned, the number n of excess Cooper
pairs on the island at a 6xed voltage bias is in general
not constant but will Buctuate. The average number of
Cooper pairs may be calculated &om









Since the voltages in the circuit loop of Fig. 2 have to
add up to zero, we may express the phase y across the
Josephson junction in terms of the phase g across the
capacitor and the phases y associated with the LC cir-




The tunneling part of the Hamiltonian then becomes




~ iQ——i ) (i2)).
Here, the terms with Q change the island charge as shown
above while the phases &p give rise to a coupling of the
tunneling process to the environment. The Hamiltonian
describing the circuit in Fig. 1 is then given by (3), (6),
and (12) as






The Coulomb charging term H, in the Hamiltonian (13)
may then be written as





gives the distance from the step at n = 1/2. In the
following e will be regarded as small compared to 1. In
(19) we have omitted an energy term E,(1/4+ e~) which
depends on e. Therefore, in the following we have to use
(n) = —+ ln(Z)
1 1 ct
2 2 e n~
(21)
instead of (14).
In view of (10) the part (12) of the Hamiltonian de-
scribing the tunneling of Cooper pairs and its coupling




In the vicinity of n = 1/2 the most relevant island
charge states will be n = 0 and n = 1. Restricting our-
selves to these two states, the island charge operator n
may be replaced by
Only in the limit of vanishing Josephson coupling and
zero temperature is the number n of excess Cooper pairs
on the island a strict staircase function of n . In general,
the island charge will fiuctuate and we have to consider
the average number of Cooper pairs {n) as a function of
n . The Huctuations of n will lead to a broadening of the
steps. Since we are mainly interested in the in8uence of
the environment on the Buctuations of the island charge,
we focus on the vicinity of a step and study the depen-
dence of (n) on the external impedance for values of n
close to this step. The Hamiltonian (13) is invariant un-
der the transformation n ~ n + 1 and n —+ n + 1.
Therefore, all steps have the same shape but neighboring
steps are shifted in (n) by 1. In the following we will
choose the step at n = 1/2 and consider especially the
slope
(16)
This quantity will only be large, corresponding to an al-
most strict charge quantization, if the charge 8uctuations
are small.
The environmental part (6) of the Hamiltonian remains
unchanged. The total Hamiltonian is now given by (13)




( ~ pI, E"= ~-/21
exp ( i Q, p /2 ) )—
0
(23)
J(ur) = lim (uRe[Z~((u —is) j. (24)
It is now straightforward to calculate the partition
function (15) which may be written as
Z = Zp(e) + Zg(e), (25)
where the two contributions Zo and Z~ correspond to
the uncharged island and the island with one additional
it can be shown that the new Hamiltonian is equivalent
to the spin-boson Hamiltonian in its usual form with a
spectral density of bath oscillators
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Cooper pair, respectively. From the definition (20) of e it is clear that Zi(e) = Zo( —e). Expanding the partition
function in powers of the Josephson coupling energy one finds
with
oo (E ) 2na sp 82m S2Zo —) ~ „~ ds2 ds2 i . dai exp[—z (si, . . . , s2~)],. (2h 0 0 0
2~ I —X
z~(ai, . . . , sz~) = (hP —2s2~+ 2s2~ i — —2s2+ 2si) —e+ ) ) (—1)"+ A (si, —sg) .
I =2 I=X
(26)
Here, we have introduced the function
—sinh(art)
which obeys the symmetry




Before evaluating the partition function given by (25)
and (26), we discuss the low-frequency part Zi(u) of the
total impedance. While ReZi(u) may well exceed Bq at
low &equencies, the impedance typically falls off in the
kHz —MHz range. Even for temperatures in the mK range
this cutoff frequency is small compared to k~T/h. Since
t is always smaller than AP, we may replace Ai(t) by its
short-time expansion which is obtained from (28) as
2a
A, (t) = —t(t —hP),
Note that the relevant impedance scale for Zi(ur) is set
by the resistance quantum Rq = h/4e2 6.45 kO. The
function A(t) is the imaginary time continuation of the
phase correlation function which determines the infiuence
of the environment on transport properties of ultrasmall
tunnel junctions.
Before proceeding with the calculation we have to dis-
cuss the conditions under which the restriction to two
charge states is allowed. Of course, the two lowest states
should energetically be well separated &om the higher
states. This can only be the case if one is close to a
step, i.e. , e &( 1. Then the energy difFerence between
the two lowest states is given by the Josephson coupling
energy E~ while the distance to the next higher level is
determined by the charging energy E,. Therefore, our
approximation requires Ep && E,. Furthermore, excita-
tions to higher levels should be negligible. Hence, the
temperature should be low enough so that kiaT « E,.
Also, high-&equency environmental modes may invali-
date the two-state approximation. However, modes with
f'requencies much larger than E,/h are suppressed by the






which only depends on the combination
m
t = ) (s2i, —a2i i)
A:=1
of the times s;.
On the other hand, the high-frequency impedance
Z2(ur) is assumed to be small compared to the resistance
quantum. Hence, we may expand the partition function
(26) to first order in A2(t) yielding
[K]





is the integrated impedance. Inserting (30) into (27) one
finds
E, 2a
z (a„.. . , s2 ) = (hP —2t) —'e + —t(hP —t), (32)
The impedance at frequencies of the order of E,/h,
which lies in the GHz range or above, is usually small
compared to the resistance quantum. On the other hand,
at low &equencies the impedance may become quite
large. We therefore decompose the total impedance
Zi(~) into a low-frequency contribution Zi(u) of arbi-
trary strength and a small high-&equency impedance
Zz(ur) as shown in Fig. 3. Accordingly, we write the
imaginary time correlation function A(t) introduced in
(28) as A(t) = A, (t) + A, (t).
10 I
10 10 10 1015
~ [Hz]
FIG. 3. Frequency dependence of a typical total impedance
consisting of a low-impedance part of arbitrary strength and
a small contribution at higher frequencies. Typical experi-
mental values for the temperature and the charging energy of
the island are indicated.
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". tE, ~'- E.
Zo —) i ~ dt exp —(hP —2t) —'~—- l2h) o t(hP —t) f (t), (34)
with fo(t) = b(t) and
kP ~ ( rn ) 2na k —1f (t)= d ". d b t —).(2k — k-) 1 —):) (—1)"+'~(k — r) .
0 0 A:=1 j k=2 1=1
(35)
Evaluating the 2m integrals we find
and for m & 2
fi(t) = t [1+~2(t)j
f (t) =, , (hP —t) t--'
t
duA2 (u) (hP —t) (hP —2u) (t —u) 2(hP —t —u)
o (m —1)!(m —2)!
(37)
where we made use of the symmetry (29). We now insert (36) and (37) into (34). Since Zi is obtained from Zo by
changing the sign of e, we immediately obtain the partition function Z from (25). Making use of the series expansion
of the Bessel function Ii(z) we find for the partition function
Z = 2 cosh(PE, e) + PEq du(l —u ) i Iz i (1 —u ) ~ cosh(PE, eu) exp ~ — (1 —u ) ~
~ PE~ hPa
0 2 ) l 2 )
+ I i du~2 I (1 —u) I cosh(PE.«) exp I — (1 —u') I&PE,
i' ' (hP i ( hPa
1
l 2 ) o
x dv cosh(PE, ev) exp
~
— (1 —v ) i (u —v ) i Iq i (u —v )
( hpa, i 2 . .. ipEJ
l 2 ) )2
(38)
In this result the low-&equency part of the impedance is treated nonperturbatively while the high-&equency part
is taken into account to leading order. Note that all orders of the expansion in powers of the Josephson coupling
energy Eg have been resummed in deriving (38). The formula can easily be evaluated numerically for arbitrary
environmental impedances with an overall shape of the form shown in Fig. 3. Simpler expressions can be given in
special cases considered in the following two sections.
V. INFLUENCE OF A LOW-IMPEDANCE ENVIRONMENT
In this section we will assume that for all &equencies the real part of the total impedance is small compared to the





and employing the relation
cosh(PE, eu) + u dv cosh(PE, ev)(u —v ) i Iz i (u —v ) ~ = cosh(hPurou),
PE 1l
0
the partition function may be written as
Z = 2cosh(hP(uo) +2
l i
d~
(Eg ) ReZg(~) 2hP
cosh(hP~o) — sinh(hP(uo) coth(hP~/2)
(d
l 2h ) o Rg ~2 —4uro2 24Jp
(40)
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eE,
(n) = —+, '. . .r, tanh P ~ +E,'e' ~2 Eq+ 4E, e &4 )
and the slope of the step (16) is found to read
(42)
in agreement with earlier results for the spin-boson
problem.
The first term in (41) corresponds to the partition func-
tion in the absence of an environment, i.e., for zero ex-
ternal impedance. In this case we obtain &om (21) for
the average number of excess Cooper pairs on the island
expected. Note that yp goes to zero in the limit of in-
finite temperature which is an artifact of the two-state
approximation. This will also be the case in subsequent
results for the slope.
We now allow for a low-impedance environment of
the form Rezi(u) = Z(0) f(u/uR) where &uii is a cut-
off frequency. Here, Z(0)/Bg should be finite but small
and the cutoff function f(u/uR) should take the value
f (0) = 1 at zero frequency and vanish for large &equen-
cies. To first order in the damping strength Z(0)/Rq the
effect of a small impedance may be described as a shift
of the frequency up according to
yp — ' tanh(PEg/2), z(o)=~p+ Rq (44)
which increases with decreasing Josephson coupling as with
(Eg1 2
dpi f (w/urr) 2 coth(hPup) — coth(hPu/2)
I, 2h) o —4(dp 2Q)p
(45)
For hPurR » 1 we find
where
1 (Eg l ' ( hP~p 3 . (hP(ajar )—ln
(dp (2h) ( 27r ) I, 27r ) (46)
OO
f( / ) (47)
depends on the form of the cutoff function. In the low-impedance limit we thus get f'rom Z = 2 cosh(hPw) and (21)
for the average number of excess Cooper pairs
(n) = —+ ' tanh(hei) 2 ——— Imp' ~ &1 eE, ~ Z(0) /3EJ, ( hp(vol
2 2 0 ~o Rq 8zhido
(48)
The slope at e = 0 defined in (16) becomes
Z(0) E, (pEg'i pEg (pEg& (hp~R't ( /3Eg't
X =Xp+ /+ —Re iE, & 2 r 2 & 2 r. . & » r ( 4~ ).
pEg (pEg), ( pEJI.
(49)
with yp given by (43). Hence, for a not too small cutoff frequency air » Eg/h, even a low-impedance environment
leads to a reduction of the charge Huctuations on the island.
VI. INFLUENCE OF A LOW-FREQUENCY ENVIRONMENT
We now concentrate on the eKect of a low-frequency impedance which may be of arbitrary strength. The environment
is characterized by the quantity a defined in (31). By setting A2(t) = 0 we get &om (38) for the partition function





Before deriving in the remainder of this section some an-
alytical result in various limits, we discuss the general
behavior of the average number (n) of Cooper pairs on
the island. Figure 4 shows the dependence of (n) on the
voltage (2e+ l)e/C2 close to the step at e = 0. The step
function corresponds to perfect charge quantization in
the limit of vanishing temperature and vanishing Joseph-
son coupling energy. For infinite temperature all charging
effects are washed out and we find a straight line. In be-
tween, two curves for finite temperature PE, = 100 and
















We now discuss the partition function (50) and the
slope of the step following &om it for different regimes
of temperature, Josephson coupling energy, and damp-
ing strength. We first consider the limit of very strong
damping where ha » k~T, Eg. From (50) we then find
for the partition function
Z =
I
2+ I cosh(PE, e),PE~~
't
4ha )
FIG. 4. Voltage dependence of the average number of ex-
cess Cooper pairs on the island for voltages close to the
step The two dotted lines represent the &imiting cases of
vanishing temperature and Josephson coupling energy (step
function) and of inSnite temperature (straight line). The
two other curves correspond to the case of Rnite tempera-
ture PE, = 100 and Suite Josephson coupling Eg/E, = 0.1.
The dashed line represents the undamped case (zero external
impedance) according to (42) while the solid line was calcu-
lated for ha/Eq = 2 &om (50) using (21).
which combines with (21) to yield up to corrections of
order 1/az for the average number of excess Cooper pairs
1 1
(n) = —+ —tanh(PE, e)
2 2
and for the slope of the step
(53)
finite Josephson coupling Eg/E, = 0.1 are shown. In the
absence of an external impedance the step is smeared
considerably (dashed line). In contrast, the curve calcu-
lated numerically from (50) together with (21) and (16)
for a low-frequency environment with ha/Eg = 2 (solid
line) exhibits a much clearer charge quantization.
Comparing these results with (42) and (43) we find that a
very large integrated impedance (31) entirely suppresses
charge fluctuations due to the Josephson coupling.
For sufficiently small Josephson coupling energy with
EJ « k~T we may evaluate the integral in (50) up to
order (/3Eg) . The partition function then becomes
1 ( 2~ l ' (PEg)' t hPa (E,e)t'$ = 2 sh(cp$sa)+ —
/, / ( / exp' — 1+4 ghPa) q 2 2 g ha







I, 2) ( ha) ( 2) ( ha) (54)
with
erfi(z) = i erf(iz) = —dte
0
(55)
BZ . 1 (PEg 'i= 2PE, sinh(PE, e) 1+
PEz' [Z —2cosh(PE, e)j,
The derivative of the partition function with respect to e
becomes
z- z X/2
x exp —— erfi2. 2
This function has the expansions
1 ( 2




which combines with (21) and (16) to yield for the slope
of the step
( )= +o( ). (So)
Accordingly, for small dainping, hPa « 1, the slope be-
comes
where
[1+ (/3Eg) g(hPa) (57)
( Eg 2
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Finally, we consider the limit of very low and even zero
temperature. According to the discussion in Sec. IV the
calculation given above is strictly speaking only valid for
zero temperature if the impedance has a b-function-type
pole at u = 0. The zero-temperature result should nev-
ertheless give an indication of the behavior of the system
at very low temperatures. According to (43), in the ab-
sence of an electromagnetic environment the slope of the
step in the limit of vanishing temperature takes the finite
value 1+E,/Eg On t. he other hand, &om (52) one finds
in the limit of strong damping that the slope diverges
as the temperature decreases and that the average num-
ber of excess Cooper pairs exhibits a jump of height one.
This behavior should also be noticeable at very low but
finite temperatures. From (50) we find for the slope of




which continuously goes to zero as ha approaches Eg/2
&om above.
The dependence of the slope y on the integrated
impedance a at low temperatures is shown in Fig. 5. The
dotted lines show the limiting cases a = 0 and a ~ oo,
respectively. The case of vanishing impedance yields a
finite value for g at zero temperature according to (43).
For Eg -+ 0 this always results in a jump as expected (see
also Fig. 4). For infinite impedance (a -+ oo) y diverges
as the temperature decreases to zero according to (53).
The curves in between, which have been obtained numer-
ically from (50) with (21) and (16), show the behavior of
y at low temperatures for two intermediate values of the
integrated impedance. The solid line for ha/Eg = 0.2 re-
mains finite while the dashed line for ha/Eg = 1 diverges
as temperature goes to zero according to our previous
drscussron.
which remains finite at zero temperature while for strong
damping 2ha ) Eg we get a slope of the form (62) which
diverges as temperature goes to zero. A jump in the
average number (n) of Cooper pairs on the island occurs
in the limit of zero temperature only if the integrated
impedance ha exceeds Eg/2 In this .case the jump of






FIG. 5. Temperature dependence of the slope y of the
Coulomb staircase at n, = 1/2 for a low-frequency en-
vironment. The integrated impedance takes the values
ha/Eg = 0, 0.2, 1, and oo from the lower to the upper curve.
The lowest curve is obtained from (43) while the upper-
most curve is obtained from (53). The two curves for finite
impedance were calculated from (50) using (21) and (16).
VII. CONCLUSIONS
We have determined the inBuence of the electromag-
netic environment on the average number of Cooper pairs
in a superconducting box. By mapping the Hamilto-
nian onto the spin-boson problem, we were able to calcu-
late the partition function to all orders in the Josephson
coupling energy for an electromagnetic environment de-
scribed by an arbitrarily strong low-frequency impedance
and a weak high-frequency impedance. It was found that
the environment tends to suppress the charge Huctuations
on the island. For a low-frequency environment the in-
tegral over the real part of the impedance turned out to
be the relevant parameter. If the integrated impedance
is larger than the Josephson coupling energy, the Huc-
tuations due to Cooper pair tunneling are strongly sup-
pressed. Even for finite Josephson. coupling, a strong
impedance at low frequencies may be sufBcient to ensure
a rather strict charge quantization at low temperatures.
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